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✶✳ ❈❛❧❝✉❧❛r ② r❡♣r❡s❡♥t❛r ❣❡♦♠étr✐❝❛♠❡♥t❡ ❧♦s ❛✜❥♦s ❞❡ ❧♦s ♥ú♠❡r♦s ❝♦♠♣❧❡❥♦s z q✉❡ ✈❡r✐✜❝❛♥

❧❛ ❝♦♥❞✐❝✐ó♥ Re

(

1 + z

1− z

)

= 0✳

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✷✿ ✼ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✸ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳
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✷✳ ❯♥ r❡❝tá♥❣✉❧♦ ❞❡ ♣❡rí♠❡tr♦ P s❡ ❣✐r❛ s♦❜r❡ ✉♥♦ ❞❡ s✉s ❧❛❞♦s ♣❛r❛ ♦❜t❡♥❡r ✉♥ ❝✐❧✐♥❞r♦ ❝✐r❝✉❧❛r
r❡❝t♦✳ ❈❛❧❝✉❧❛r ❧❛s ❞✐♠❡♥s✐♦♥❡s q✉❡ ♠❛①✐♠✐③❛♥ ❡❧ ✈♦❧✉♠❡♥ ❞❡❧ ❝✐❧✐♥❞r♦✳

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✷✿ ✽ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✷ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳

P✉♥t♦s✿ ✶✵✴✹✵

✸✳ ❙❡❛ ❧❛ ❢✉♥❝✐ó♥ F (x) =

∫

x

0

1

t2 + 2t+ 2
dt✳

❛✮ ❚♦♠❛ F (x) ❡❧ ✈❛❧♦r ✵❄ ❘❛③♦♥❛r ❧❛ r❡s♣✉❡st❛✳
❜✮ ❊st✉❞✐❛r ❡❧ ❝r❡❝✐♠✐❡♥t♦✴❞❡❝r❡❝✐♠✐❡♥t♦ ❞❡ F (x) ❡♥ R✳
❝✮ ❊st✉❞✐❛r ❧❛ ❝♦♥❝❛✈✐❞❛❞✴❝♦♥✈❡①✐❞❛❞ ❞❡ F (x) ❡♥ R✳
❞✮ ❉✐❜✉❥❛r ❡❧ ❣rá✜❝♦ ❞❡ F (x)✳

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P ✶✱ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✶✿ ✶ ♣✉♥t♦ ♣♦r r❡❝♦♥♦❝❡r ❧♦s ❝♦♥❝❡♣t♦s ❛ ❛♣❧✐❝❛r✳
❈❖▼P ✷✿ ✻ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✸ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳
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✹✳ ❙❡❛ ❧❛ ❢✉♥❝✐ó♥ z = f(x, y) t❛❧ q✉❡ xz + ln(z) = y✳ ❈❛❧❝✉❧❛r ✉♥ ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛
❝✉r✈❛ ❞❡ ♥✐✈❡❧ f(x, y) = 1 ❡♥ ❡❧ ♣✉♥t♦ (0, 0)✳

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P ✶✱ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✶✿ ✶ ♣✉♥t♦ ♣♦r r❡❝♦♥♦❝❡r ❧♦s ❝♦♥❝❡♣t♦s ❛ ❛♣❧✐❝❛r✳
❈❖▼P ✷✿ ✻ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✸ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳
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✶✳ Re

(

1 + z

1− z

)
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✷✳ ❩✐❧✐♥❞r♦ ③✐r❦✉❧❛r ③✉③❡♥ ❜❛t ❧♦rt③❡❦♦ P ♣❡r✐♠❡tr♦❦♦ ❧❛✉❦✐③✉③❡♥ ❜❛t ❜✐r❛t③❡♥ ❞❛ ❜❡r❡ ❛❧❞❡ ❜❛✲
t❡♥ ✐♥❣✉r✉❛♥✳ ❩❡✐♥t③✉❦ ❞✐r❛ ❜♦❧✉♠❡♥ ♠❛①✐♠♦❛ ❞✉❡♥ ③✐❧✐♥❞r♦❛ s♦rt③❡♥ ❞✉t❡♥ ❧❛✉❦✐③✉③❡♥❛r❡♥
❞✐♠❡♥ts✐♦❛❦❄
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✸✳ ■③❛♥ ❜❡❞✐ F (x) =

∫

x

0

1

t2 + 2t+ 2
dt ❢✉♥t③✐♦❛✳

❛✮ ❍❛rt③❡♥ ❛❧ ❞✉ F (x) ❢✉♥t③✐♦❛❦ ✵ ❜❛❧✐♦❛❄ ❊r❛♥t③✉♥❛ ❛rr❛③♦✐t✉✳
❜✮ ❆③t❡rt✉ F (x) ❢✉♥t③✐♦❛r❡♥ ❣♦r❛❦♦rt❛s✉♥❛✴❜❡❤❡r❛❦♦rt❛s✉♥❛ R✲♥✳
❝✮ ❆③t❡rt✉ F (x) ❢✉♥t③✐♦❛r❡♥ ❛❤✉rt❛s✉♥❛✴❣❛♥❜✐❧t❛s✉♥❛ R✲♥✳
❞✮ F (x)✲r❡♥ ❣r❛✜❦♦❛ ♠❛rr❛③t✉✳

❊❜❛❧✉❛t✉t❛❦♦ ❣❛✐t❛s✉♥❛❦✿ ✶✳ ●❆■❚✱ ✷✳ ●❆■❚ ❡t❛ ✹✳ ●❆■❚✳ ❊❜❛❧✉❛③✐♦❛✿
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✷✳ ●❆■❚✿ ✻ ♣✉♥t✉ ❦❛❧❦✉❧✉❛❣❛t✐❦✳
✹✳ ●❆■❚✿ ✸ ♣✉♥t✉ ❛③❛❧♣❡♥ ❢♦r♠❛❧❛❣❛t✐❦ ✭❡♥✉♥t③✐❛t✉❛❦✱ ❞❡✜♥✐③✐♦❛❦✱ ❣r❛✜❦♦❛❦✱ ❤✐♣♦t❡s✐❛❦✱ ❡t❛ ❛❜❛r✮✳

P✉♥t✉❛❦✿ ✶✵✴✹✵

✹✳ ■③❛♥ ❜❡❞✐ z = f(x, y) ❢✉♥t③✐♦❛ ♥♦♥ xz + ln(z) = y ❞❡♥✳ ❑❛❧❦✉❧❛t✉ (0, 0) ♣✉♥t✉❛♥ f(x, y) = 1
♠❛✐❧❛✲❧❡rr♦❛r❡❦✐❦♦ ♣❡r♣❡♥❞✐❦✉❧❛rr❛ ❞❡♥ ❜❡❦t♦r❡ ❜❛t✳
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❈➪▲❈❯▲❖✳ ❈❖◆❱❖❈❆❚❖❘■❆ ❖❘❉■◆❆❘■❆

❙❊●❯◆❉❖ ❈❯❆❚❘■▼❊❙❚❘❆▲
✽ ❞❡ ❥✉♥✐♦ ❞❡ ✷✵✷✶

❆P❊▲▲■❉❖❙✿ ◆❖▼❇❘❊✿

❉◆■✿ ❚■❚❯▲❆❈■Ó◆✿ ●❘❯P❖✿

❊❥❡r❝✐❝✐♦ ✶ ❊❥❡r❝✐❝✐♦ ✷ ❊❥❡r❝✐❝✐♦ ✸ ❊❥❡r❝✐❝✐♦ ✹ ◆♦t❛

✶✳ ❙❡❛ ❧❛ ✐♥t❡❣r❛❧
∫

a

−a

(

∫

√
a
2−x

2

0

f(x, y) dy

)

dx✳ ❈❛❧❝✉❧❛r ❧♦s ♣♦s✐❜❧❡s ✈❛❧♦r❡s ❞❡ a t❛❧❡s q✉❡ ❡❧

✈♦❧✉♠❡♥ ❞❡ ❧❛ s✉♣❡r✜❝✐❡ f(x, y) = +
√

x2 + y2 ❡♥ ❞✐❝❤♦ r❡❝✐♥t♦ s❡❛ ✐❣✉❛❧ ❛
9π

8
✳

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✷✿ ✼ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✸ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳

P✉♥t♦s✿ ✶✵✴✹✵

✷✳ ❘❡s♦❧✈❡r ❧❛ ❊❉❖ y′′ + 16y =
1

sen 4x

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✷✿ ✽ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✷ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳

P✉♥t♦s✿ ✶✵✴✹✵

✸✳ ❯t✐❧✐③❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ r❡s♦❧✈❡r ❧❛ ❊❉❖

{

y′′ + y = f(t)

y(0) = y′(0) = 1
, ❞♦♥❞❡

f(t) =

{

0 t < 2

cos(t− 2) t ≥ 2
.

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✷✿ ✽ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✷ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳

P✉♥t♦s✿ ✶✵✴✹✵



✹✳ ❙❡❛ f(t) ❧❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ (0, π) q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ ✜❣✉r❛✳

❛✮ ❖❜t❡♥❡r ❧❛ ❛♠♣❧✐❛❝✐ó♥ ♣❛r ② ♣❡r✐ó❞✐❝❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t)✳
❜✮ ❉✐❜✉❥❛r ❧❛ ❢✉♥❝✐ó♥ ❛♠♣❧✐❛❞❛✳
❝✮ ❈❛❧❝✉❧❛r ❧❛ s❡r✐❡ ❞❡ ❋♦✉r✐❡r✱ S(t)✱ ❞❡ f(t)✳

❞✮ ❈❛❧❝✉❧❛r ❧♦s ✈❛❧♦r❡s ❞❡ S(t) ② f(t) ❡♥ ❧♦s ♣✉♥t♦s t = 0 ②
π

2
✳

❡✮ ❈❛❧❝✉❧❛r ❧❛ s✉♠❛ ❞❡ ❧❛ s❡r✐❡
∞
∑

n=0

1

(2n+ 1)2
✳

❈♦♠♣❡t❡♥❝✐❛s ❡✈❛❧✉❛❞❛s✿ ❈❖▼P✷ ② ❈❖▼P✹✳ ❊✈❛❧✉❛❝✐ó♥✿
❈❖▼P ✷✿ ✼ ♣✉♥t♦s ♣♦r ❡❧ ❝á❧❝✉❧♦✳
❈❖▼P ✹✿ ✸ ♣✉♥t♦s ♣♦r ❧❛ ❡①♣❧✐❝❛❝✐ó♥ ❢♦r♠❛❧ ✭✐♥❝❧✉②❡♥❞♦ ❡♥✉♥❝✐❛❞♦s✱ ❞❡✜♥✐❝✐♦♥❡s✱ ❣rá✜❝♦s ❛❝❧❛r❛✲
t♦r✐♦s✱ ❤✐♣ót❡s✐s ♥❡❝❡s❛r✐❛s✱ ❡t❝✳✮✳

P✉♥t♦s✿ ✶✵✴✹✵



●■P❯❩❑❖❆❑❖ ■◆●❊◆■❆❘■❚❩❆ ❊❙❑❖▲❆

❑❆▲❑❯▲❯❆✳ ❖❍■❑❖ ❉❊■❆▲❉■❆

❇■●❆❘❘❊◆ ▲❆❯❍■▲❊❑❖❆

✷✵✷✶❡❦♦ ❡❦❛✐♥❛r❡♥ ✽

❆❇■❩❊◆❆❑✿ ■❩❊◆❆

◆❆◆✿ ❚■❚❯▲❆❩■❖❆✿ ❚❆▲❉❊❆✿

✶✳❛r✐❦❡t❛ ✷✳❛r✐❦❡t❛ ✸✳❛r✐❦❡t❛ ✹✳❛r✐❦❡t❛ ◆♦t❛

✶✳ ■③❛♥ ❜❡❞✐

∫

a

−a

(

∫

√
a
2−x

2

0

f(x, y) dy

)

dx ✐♥t❡❣r❛❧❛✳ ❑❛❧❦✉❧❛t✉ a✲r❡♥ ③❡✐♥ ❜❛❧✐♦❡t❛r❛❦♦

f(x, y) = +
√

x2 + y2 ❣❛✐♥❛③❛❧❛r❡♥ ❜♦❧✉♠❡♥❛ ❡r❡♠✉ ❤♦rr❡t❛♥
9π

8
❞❡♥✳

❊❜❛❧✉❛t✉t❛❦♦ ❣❛✐t❛s✉♥❛❦✿ ✷✳ ●❆■❚ ❡t❛ ✹✳ ●❆■❚✳ ❊❜❛❧✉❛③✐♦❛✿
✷✳ ●❆■❚✿ ✼ ♣✉♥t✉ ❦❛❧❦✉❧✉❛❣❛t✐❦✳
✹✳ ●❆■❚✿ ✸ ♣✉♥t✉ ❛③❛❧♣❡♥ ❢♦r♠❛❧❛❣❛t✐❦ ✭❡♥✉♥t③✐❛t✉❛❦✱ ❞❡✜♥✐③✐♦❛❦✱ ❣r❛✜❦♦❛❦✱ ❤✐♣♦t❡s✐❛❦✱ ❡t❛ ❛❜❛r✮✳

P✉♥t✉❛❦✿ ✶✵✴✹✵

✷✳ y′′ + 16y =
1

sin 4x
❊❉❆ ❡❜❛t③✐✳

❊❜❛❧✉❛t✉t❛❦♦ ❣❛✐t❛s✉♥❛❦✿ ✷✳ ●❆■❚ ❡t❛ ✹✳ ●❆■❚✳ ❊❜❛❧✉❛③✐♦❛✿
✷✳ ●❆■❚✿ ✽ ♣✉♥t✉ ❦❛❧❦✉❧✉❛❣❛t✐❦✳
✹✳ ●❆■❚✿ ✷ ♣✉♥t✉ ❛③❛❧♣❡♥ ❢♦r♠❛❧❛❣❛t✐❦ ✭❡♥✉♥t③✐❛t✉❛❦✱ ❞❡✜♥✐③✐♦❛❦✱ ❣r❛✜❦♦❛❦✱ ❤✐♣♦t❡s✐❛❦✱ ❡t❛ ❛❜❛r✮✳

P✉♥t✉❛❦✿ ✶✵✴✹✵

✸✳ ▲❛♣❧❛❝❡✲r❡♥ tr❛♥s❢♦r♠❛t✉❛ ❡r❛❜✐❧✐③✱

{

y′′ + y = f(t)

y(0) = y′(0) = 1
❊❉❆ ❡❜❛t③✐ ♥♦♥

f(t) =

{

0 t < 2

cos(t− 2) t ≥ 2
❞❡♥✳

❊❜❛❧✉❛t✉t❛❦♦ ❣❛✐t❛s✉♥❛❦✿ ✷✳ ●❆■❚ ❡t❛ ✹✳ ●❆■❚✳ ❊❜❛❧✉❛③✐♦❛✿
✷✳ ●❆■❚✿ ✽ ♣✉♥t✉ ❦❛❧❦✉❧✉❛❣❛t✐❦✳
✹✳ ●❆■❚✿ ✷ ♣✉♥t✉ ❛③❛❧♣❡♥ ❢♦r♠❛❧❛❣❛t✐❦ ✭❡♥✉♥t③✐❛t✉❛❦✱ ❞❡✜♥✐③✐♦❛❦✱ ❣r❛✜❦♦❛❦✱ ❤✐♣♦t❡s✐❛❦✱ ❡t❛ ❛❜❛r✮✳

P✉♥t✉❛❦✿ ✶✵✴✹✵



✹✳ ■③❛♥ ❜❡❞✐ f(t) ✐r✉❞✐❛♥ ❛❣❡rt③❡♥ ❞❡♥ ❢✉♥t③✐♦❛✱ (0, π) t❛rt❡❛♥ ❞❡✜♥✐t✉❛ ❞❛❣♦❡♥❛✳

❛✮ f(t) ❢✉♥t③✐♦❛r❡♥ ❤❡❞❛♣❡♥ ♣❡r✐♦❞✐❦♦❛ ❡t❛ ❜✐❦♦✐t✐❛ ❧♦rt✉✳
❜✮ ❍❡❞❛t✉t❛❦♦ ❢✉♥t③✐♦❛ ♠❛rr❛③t✉✳
❝✮ ❑❛❧❦✉❧❛t✉ f(t) ❢✉♥t③✐♦❛r❡♥ S(t) ❋♦✉r✐❡r✲❡♥ s❡r✐❡❛✳

❞✮ ❑❛❧❦✉❧❛t✉ S(t) ❡t❛ f(t)✲r❡♥ ❜❛❧✐♦❛❦ t = 0 ❡t❛
π

2
♣✉♥t✉❡t❛♥✳

❡✮
∞
∑

n=0

1

(2n+ 1)2
s❡r✐❡❛r❡♥ ❜❛t✉r❛ ❦❛❧❦✉❧❛t✉✳

❊❜❛❧✉❛t✉t❛❦♦ ❣❛✐t❛s✉♥❛❦✿ ✷✳ ●❆■❚ ❡t❛ ✹✳ ●❆■❚✳ ❊❜❛❧✉❛③✐♦❛✿
✷✳ ●❆■❚✿ ✼ ♣✉♥t✉ ❦❛❧❦✉❧✉❛❣❛t✐❦✳
✹✳ ●❆■❚✿ ✸ ♣✉♥t✉ ❛③❛❧♣❡♥ ❢♦r♠❛❧❛❣❛t✐❦ ✭❡♥✉♥t③✐❛t✉❛❦✱ ❞❡✜♥✐③✐♦❛❦✱ ❣r❛✜❦♦❛❦✱ ❤✐♣♦t❡s✐❛❦✱ ❡t❛ ❛❜❛r✮✳

P✉♥t✉❛❦✿ ✶✵✴✹✵
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